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I. Nomenclature 

𝐴   =  Nodal surface area 

Ac   =    Cross-sectional area, SMA 

Af = Austenitic transition finish temperature 

Ap = Austenitic transition peak temperature 

As = Austenitic transition start temperature 

𝐴𝑃𝐻  = Area, patch heater 

𝐶𝐴   = SMA stress response to change in  

Temperature 

c5052  = Specific heat, Al 5052 rivet 

cA =   Specific heat, austenite 

cK = Specific heat of the Kapton  

cKevlar = Specific heat of the Kevlar  

cM =   Specific heat, martensite 

cSMA = Specific heat of the SMA at the node  

cPH = Specific heat of the patch heater 

E = Elastic modulus 

EA =   Elastic modulus, austenite 

EM =   Elastic modulus, martensite 

�̇�𝑖𝑛 = Energy rate into nodal system 

�̇�𝑜𝑢𝑡  = Energy rate out of nodal system 

𝐸𝑠𝑦𝑠 = Total system energy 

h   = Convective heat transfer coefficient 

hPH =   Length, patch heater 

hSMA =   Length, SMA 

𝐼𝑃𝐻  =   Current supplied to patch heater 

Itot   =    Mass moment of inertia 

i   =  Time index 

J   =  Area moment of inertia 

K = Kinematic stiffness 

kA =   Thermal conductivity, austenite 

kK =   Thermal conductivity, Kapton 

kKevlar =   Thermal conductivity, Kevlar 

kM =   Thermal conductivity, martensite 

kPH =   Thermal conductivity, patch heater 

Lpc = Latent heat of phase change 

nx =   Number of nodes in the x-direction 

ny =   Number of nodes in the y-direction 

𝑄𝑐𝑜𝑛𝑑 = Conductive directional heat 

𝑄𝑐𝑜𝑛𝑣 = Convective heat 

𝑄𝑟𝑎𝑑  = Radiative heat 

𝑄𝑇𝑟𝑎𝑛𝑠𝑖𝑒𝑛𝑡  = Transient heat 

𝑄𝑃𝐻
"  =  Heat flux from the patch heater 

𝑇 =  Temperature 

TE = Temperature, East node 

TN = Temperature, North node 

𝑇𝑜 = Starting temperature 

Tp,i = Temperature, node of interest, time i 

Tp,i-1 = Temperature, node of interest, time i-1 

TS = Temperature, South node 

TW = Temperature, West node 

t5052 = Thickness, Al 5052 rivet 

tK = Thickness, Kapton 

tKevlar = Thickness, Kevlar 

tPH = Thickness, patch heater 

tSMA = Thickness, SMA 

VPH =   Voltage difference across patch heater 

wPH =   Width, patch heater 

wSMA =   Width, SMA 

αA =   Coefficient of thermal expansion,  

       austenite 

αM =   Coefficient of thermal expansion,  

       martensite 

t = Length of the time step 

ΔX = Length of the node in the x-direction 

ΔY = Length of the node in the y-direction 

ΔZ = Length of the node in the z-direction 

𝜖5052 = Emissivity, Al 5052 rivet 

𝜖𝑏𝑜𝑡𝑡𝑜𝑚 = Emissivity, bottom of surface 

𝜖𝐾 =   Emissivity, Kapton 

𝜖𝑆𝑀𝐴 = Emissivity, SMA 

𝜖𝑡𝑜𝑝 = Emissivity, top of surface 

𝜀𝑝    =    Pseudoelastic strain 

𝜀𝑟    =    Residual strain 

𝜀𝑡ℎ   =    Thermal strain 

s = Number of exposed radiating surfaces 

𝜃 =    Angular position 

�̈� =    Angular acceleration 

νA =   Poisson’s ratio, austenite 

νM =   Poisson’s ratio, martensite 

𝜉 =    Detwinned martensite fraction, system  

  model 

𝜉𝑠 = Detwinned martensite fraction, phase  

   model 

𝜉𝑠0 =  Initial detwinned martensite fraction 

5052 = Density, Al 5052 rivet 

K = Density, Kapton 

Kevlar = Density, Kevlar 

PH = Density, patch heater 

SMA = Density, SMA 

 = Stefan Boltzmann Constant    

𝜎𝑓
𝐴   =  Austenitic transition finish stress   

M   =    Mechanical bending stress 

p   =    Pseudoelastic stress 

𝜎𝑝
𝐴   =  Austenitic transition peak stress 

ph   =    Phase-induced stress 

𝜎𝑠
𝐴   =  Austenitic transition start stress 

th   =   Thermal stress 

tot   =   Total stress 

τbend  =    Kinematic torque 

𝜑𝑃𝐻  =   Power efficiency, patch heater 
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II. Introduction 

 A solar array (SA) deployment mechanism was developed for SA configurations with significant mass moments 

of inertia that may impart severe angular velocities to a CubeSat if deployed via legacy torsional spring systems. Shape 

Memory Alloys (SMA) display high actuation energy densities [1] and have found controllable use on previous space 

missions [2,3]. Significant work has been performed to characterize the linear actuation of SMA wires [4-6], but 

predictive models for the bending actuation of flat SMA plates have been limited with little application of advanced 

thermal frameworks [7]. A full investigation of SMA bending actuators for space systems including SMA training 

procedures, geometry-specific heat transfer, kinematic modeling, and optimization of both SMA geometry and 

satellite Key Performance Parameters (KPPs) is warranted. Presented here are the preliminary results of the 

thermomechanical predictive model, a simple method of estimating SMA mechanical stress due to bending for 

coupling with the rotational kinematic equations, and considerations for actuation optimization and comparison to 

experimental results as future work.  

 A flat SMA plate is trained to actuate to a 135° deployment angle upon phase transition from detwinned martensite 

to austenite. A resistive Patch Heater (PH) layered between electrically insulating Kapton is attached to the plate via 

three windings of Kevlar thread. The plate is fabricated by water jet cutting including the holes for the Kevlar thread. 

Below the patch heater area is the bending section of the plate, bent by common sheet metal presses before the shape 

training process with minimum bend radius criteria considered for a given thickness. The SMA thickness was 0.5 mm. 

The SMA is intended to be fully bent into a U-shape with one section mounted to the CubeSat body and another 

section mounted to the SA in a stowed configuration. The PH is deliberately offset from the bending region so that it 

is neither stretched nor compressed, and it will be shown that the SMA bending region undergoes full phase transition 

despite the offset, even under orbital eclipse conditions. Upon heating, the SMA will deploy the SA to the 135° angle 

where a hinge mechanism locks the system into deployed configuration. As plastic deformation and bend line cracking 

can occur in SMAs forcibly constrained in a bent configuration [2,8], considerations for percent strain recovery, 

secondary creep, deployment angle overtraining, and estimated stowage time should be evaluated for a given system. 

The SMA training procedure is discussed first, as the predictive model is predicated upon transition from detwinned 

martensite to austenite material phases. Model development and application is described from system-wide, kinematic, 

and heat transfer perspectives; results are graphically presented. Design optimization strategies and model validation 

via comparison to experimental results are considered; collection of experimental data will commence upon geometric 

optimization of the SMA actuator. An exploded-view design of the SMA system mounted to the testing apparatus is 

shown in Fig. 1.  The SMA is in yellow with the PH depicted in orange. A rotating plate with variable mass moment 

of inertia is included in lieu of a SA design. Component materials and fabrication methodologies are presented in 

Tables 1-2. 

 

Fig. 1   Testing Apparatus Diagram 

1 Rotating Plate

8 MOI Bolts

2 Rotating Bracket

4 Mounting Lug Bolt
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9 Rot. Bracket Bolt

10 Rivet

3 Patch Heater
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Table 1   Machined Component Material Details 

Part Material Manufacturing Method 

SMA Nitinol CNC Waterjet 

Rotating Bracket Al 6061 CNC Mill 

Mounting Lugs Al 6061 CNC Mill 

Locking Pins Nitronic 60 Stainless Steel Lathe 

Base Plate Al 6061 Mill 

Rotating Plate Al 7075 CNC Water Jet 

Kapton Kapton PST CNC Laser 

 Table 2   Non-Machined Component Information 

Part Dimensions Details 

Patch Heater 50.8 mm x 25.4 mm polyimide thermofoil resistive heater, 47.78 Ω 

Bearing OD: 6 mm, ID: 3 mm, Thickness: 2.5 mm ABEC-7 

Spring Length: 9.53 mm, Diameter: 3.76 mm number of coils: 6.4, spring rate: 0.093 kg/mm 

III. SMA Training Procedure 

 The SMA plate is constrained to the desired shape in an Al 6061 mold and aged in a forge or oven at 600°C for 60 

minutes. This includes the time required to bring the thermal mass of both the sample and mold to the furnace 

temperature (14 minutes) and the time required for annealing (46 minutes). 600°C was selected after Differential 

Scanning Calorimetry (DSC) testing on SMA trained at 500°C showed a substantial, undesired R-phase peak; the 

recrystallization temperature must be exceeded in the annealing process to eliminate R-phase. Russell [9] showed 

increased forge temperature correlated with improved grain growth and increased superelasticity upon phase 

transition, but extended treatment at 600°C can result in decreased superelasticity due to excessive recrystallization 

[10]. The determination of time spent at 600°C was based on a linear fit of ageing data by Liu [11]. Both annealing 

and shape training may be accomplished in the same treatment. The SMA was originally removed from the oven and 

quenched in liquid nitrogen (LN2), but the ~796 K temperature difference yielded pulses in the DSC phase 

transformation curves which were not observed in water or ice bath quenches. DSC data from an in-house LN2 quench 

experiment is provided in Fig 2. Ice water bath quenching is recommended; the LN2 pulses were present over multiple 

trials. Quenching was found to have no significant impact on R-phase which is supported by Yoon [12]. DSC testing 

should be performed after quenching with a material cutoff mass of 25-45 mg per ASTM F2004-17. The heating and 

cooling rate should not exceed ±10°C /min [13].  

 Transition temperatures are affected by quench 

temperature, time of anneal, and annealing temperature in that 

respective order of importance; there exist extreme bounds on 

quench and anneal temperatures that can increase or decrease 

transition temperatures. Previous SMA heat treatment research 

has claimed an increase in the anneal to quench temperature 

difference results in an increase in the distance between 

martensite and austenite phase transition start temperatures 

[14]; DSC testing on samples quenched in room temperature 

water and LN2 did not support this claim. Aliaga defines the 

relationship between anneal to quench temperature difference 

and the distance between phase transition start temperatures to 

be inversely related [15], which is supported by present test 

results. Phase overlap, or the undesired overlap between 

austenite start to finish temperatures and martensite start to 

finish temperatures, results in incomplete phase transformation 

and a material that is neither fully austenite nor fully martensite upon transition. Aliaga compares phase transformation 

of Nitinol to phase transformation of glass much like Duerig compares Nitinol phase transformation to water phase 

transformation [16], and both Aliaga and Fig 2 support the assertion that an extremely high quench temperature 

difference may result in phase formation non-uniformity. Not all investigations involving LN2 quenches have resulted 

in phase non-uniformity [17,18], and further testing research is warranted. Post-treatment DSC testing will determine 

the martensite and austenite start, peak, and finish transition temperatures.  

Fig. 2   LN2-Induced DSC Phase Pulse 
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The SMA plate then undergoes tensile testing in a thermally controlled test chamber to determine modulus of 

elasticity, Poisson’s ratio, residual strain, and the differential relationship between stress and temperature for both 

martensite and austenite phases; the process also fully de-twins the SMA which is in the twinned martensite phase 

after constrained heat treatment. The strain at which a specimen should be tested should correspond to the strain the 

sample expects to experience during actuation. If a sample is tested at 6% strain, a recommended strain value from 

ASTM F2516-07 [19], the material parameters determined are only valid for that strain. Stresses corresponding to 

estimated strains are geometry dependent; the tensile stress corresponding to 6% strain for the present geometry is 220 

MPa and 480 MPa for martensite and austenite, respectively. SMA specimens should first be cycled 15 times to max 

strain with no temperature change to ensure fully detwinned martensite before obtaining material properties. The 

cycles have a max ramp rate of 0.4 mm/min for 15 minutes to reach 6% strain per ASTM F2516-07; strain reduction 

rate has the same value. This 15-cycle process accumulates to 7.5 hours. A lower number of cycles may result in a 

non-negligible fraction of twinned martensite present in the material, whereas higher cycle numbers may result in 

decreased elasticity.  

The goal of tensile testing is to test until material properties stop changing, test for relevant material properties in 

both martensite and austenite phases by varying the test chamber temperature, and then stop. Martensite and austenite 

temperatures will increase with increasing cyclic strain, approximately 20°C for 6% strain [20], so temperatures 

causing austenite and martensite phase transitions should be sufficiently above and below phase transition 

temperatures as determined by the DSC. Lowering the chamber temperature to 10°C below initial martensite finish 

temperature and raising chamber temperature to 30°C above austenite finish temperature to obtain phase-dependent 

material properties should be sufficient. Some tensile testing apparatuses cannot exceed 100°C, so care must be taken 

in selecting desired phase transition temperatures. After tensile testing confirms full detwinning of the martensite, the 

SMA should undergo another DSC test to determine austenite and martensite start, peak, and finish temperatures for 

input into Zhou’s 2009 phase change model [21].  

IV. System Model 

The full system model for the presented methodology is depicted in Fig. 3. Novel contributions to the field are 

centered upon the Gauss-Seidel heat transfer model and the bending stress relaxation model. For a given SMA 

geometry at each geometric location or node, this system evaluates phase-dependent material properties, the 

temperature of the node, the phase of the node, and the stress of the node, respectively. The order of operations cannot 

be altered. All geometric locations are evaluated for a given timestep until conservation of energy indicates a steady 

state value for that timestep. An average of nodal values along the bend line is then taken and provided to the bending 

stress relaxation model, and the torque-inducing relaxation stress is provided to the kinematic model for rotational 

parameter calculation. All models and modules will be discussed further. Relevant model outputs are organized, and 

the time step is indexed to begin the framework again.  

Fig. 3   System Model Diagram 
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The methodology begins by applying a heat flux from the PH to an SMA area by delivering electrical power to 

the PH. The PH is layered between two Kapton sheets and Kevlar windings in certain areas, described in Section VI. 

The functional output of the power input module is a heat flux from the PH, which is applied as a Neumann boundary 

condition to the system. The phase-dependent material properties module applies a weighted average of material 

properties between martensite and austenite phases that varies linearly with martensite fraction. A new ξ, or martensite 

fraction, is passed from the output on the right of Fig. 3 back to the input of the material properties module on the left 

but is not shown as an arrow. An organization of geometric and material property values for the 55.75% Nickel SMA 

system for both martensite and austenite phases is provided in Table 3, along with all other relevant parameter values.  

The phase transformation model employed by this system is Zhou’s latest work [21]; output implications from the 

use of this model with bending stresses are discussed in Section VII. Many constitutive models are based on Gibbs 

and Hemholtz free energy [5,21,22] and relate material stresses to strain. Discussed further in Section V, these strains 

include that of thermal strain, pseudoelastic strain, and mechanical strain; mechanical strain is almost unanimously 

considered to be tensile strain in literature. The initialization criteria for actuation in [21] is a function of stress rather 

than strain, therefore the present model determines thermal strain and pseudoelastic strain from free energy models, 

correlates them to non-mechanical stresses using elastic moduli, and combines those non-mechanical stresses with 

mechanical bending stress determined without initial linear strain considerations. Total stress as a combination of 

thermal, pseudoelastic, and mechanical bending stress is used for martensite fraction calculation. Bending stress 

relaxation model outputs to the ode45 kinematic model are considered in Section V.  

To reiterate, temperature, phase, and stress are calculated at each nodal location per timestep until a prescribed 

conservation of energy tolerance is reached. The framework then takes an average of material properties at the bend 

line and uses those to calculate kinematic rotational parameters. This process is repeated until transient convergence 

criteria have been reached, namely when thermal steady state has been achieved and a deployment angle requirement 

has been exceeded. Problems exist with this methodology that stem from the application of pseudoelastic and 

mechanical bending stress to the phase transition model in [21], and thus graphical kinematic output will be delayed 

until the subsequent publication on this work.  

 

Table 3   Non-Machined Component Information 

Parameter Value Parameter Value 

c5052 880 J/kg-K tKevlar 0.1 ∙ 10-3 m 

cA 500 J/kg-K tPH 0.2 ∙ 10-3 m 

cK 1,090 J/kg-K tSMA 0.5 ∙ 10-3 m 

cKevlar 1,420 J/kg-K 𝑉𝑃𝐻  16 V 

cM 451 J/kg-K wPH 0.0508 m 

cPH 710 J/kg-K wSMA 0.055 m 

Lpc 20,652 J/kg αA 11 ∙ 10-6 1/K [5] 

EA 75,000 MPa [21] αM 6.6 ∙ 10-6 1/K [5] 

EM 28,000 MPa [21] 𝛥𝑡 1 s 

hPH 0.0254 m ΔX 0.55 ∙ 10-3 m 

hSMA 0.064 m ΔY 0.64 ∙ 10-3 m 

𝐼𝑃𝐻 0.31 A ΔZ Variable per material 

Itot Variable per mass inclusion 𝜖5052 0.06 

J Variable per geometry 𝜖𝐾 0.72 

kA 18 W/m-K 𝜖𝑆𝑀𝐴 0.20 

kK 0.12 W/m-K εr 0.005 – 0.067 [22] 

kKevlar 0.04 W/m-K νA 0.33 

kM 8.6 W/m-K νM 0.30 

kPH 68.8 W/m-K ρ5052 2,680 kg/m3 

𝑛𝑥 101 ρK 1,420 kg/m3 

𝑛𝑦 101 ρKevlar 1,440 kg/m3 

t5052 0.01 m ρPH 2,329 kg/m3 

tK 0.025 ∙ 10-3 m ρSMA 6,500 kg/m3 
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V. Constitutive and Kinematic Models 

Three stresses are present in bending SMA actuators: stress due to thermal strain which is induced by a temperature 

difference, stress due to pseudoelastic strain which is a function of residual strain in martensite and zero for austenite, 

and stress due to mechanical bending which is relieved during phase transformation. Calculations for thermal and 

pseudoelastic stress are shown in Eqs. (1-2), respectively.  

 

𝜎𝑡ℎ = 𝐸(𝜉) ∙ 𝜀𝑡ℎ : 𝜀𝑡ℎ =  𝛼 ∙ (𝑇 − 𝑇𝑜)          (1) 

 

𝜎𝑝 = 𝐸(𝜉) ∙ 𝜀𝑝 : 𝜀𝑝 = 𝜀𝑟 ∙ 𝜉             (2) 

 

 While thermal and pseudoelastic stress are clearly defined, mechanical bending stress 𝜎𝑀 has historically been 

defined by beam theory applications which typically assume small angle deflections [7]. Many formulations include 

the small angle assumption and apply it to a negligible metal strip width or wire, and mechanical bending stress 

calculations for flat SMA plates that do not invalidate beam theory assumptions are not readily available. A series of 

SolidWorks FEA simulations were created to determine the local stress at the bending region to overcome this deficit. 

The actuator’s U-shaped stowed position was defined as 180°, and the trained, deployed position was defined as 45°. 

As the deployed position represented the SMA’s trained, annealed shape, no mechanical bending stress was present 

in the bending region for the 45° case. It was assumed that the rotational bending angle was linearly proportional to 

the martensite fraction, which represents a source of error and warrants further investigation, and bending region 

stresses for 60°, 90°, 120°, 150°, and 180° rotation angles were calculated. Practically, for each angle of deflection in 

SolidWorks there exists a corresponding 

translation deflection that the edge 

experiences. The maximum deflection tool 

reports this value and was utilized in 

comparing the deflections to ensure desired 

angles were achieved. For each angle 

simulation, the elastic modulus and Poisson’s 

ratio were varied for phase-dependent material 

properties using the assumption of linear 

proportionality between rotation angle and 

martensite fraction. The mechanical bending 

stress output from the five deflection angles 

was linearly interpolated for use over all 

martensite fractions, and future iterations of 

this work will include additional angles as well 

as determine a more appropriate curve fit for 

rotation angle versus martensite fraction. The 

mechanical bending stress results may be 

found in Fig. 4. A total stress including all 

three stress terms may be calculated in Eq. (3). 

 

𝜎𝑡𝑜𝑡 = 𝜎𝑀 + 𝜎𝑝 + 𝜎𝑡ℎ           (3) 

 

The total stress is utilized per timestep for the phase calculation in [21]. The rotational kinematic equation of motion 

for this system is defined in Eq. (4). There is no damping in the system and no outside forces acting on it other than 

phase change-induced torque when present.  

 

𝐼𝑡𝑜𝑡 ∙ �̈� + 𝐾 ∙ 𝜃 =  𝜏𝑏𝑒𝑛𝑑           (4) 

 

With kinematic properties defined, the equation of motion angular position and velocity outputs can be calculated in 

MATLAB via ode45. The torque term 𝜏𝑏𝑒𝑛𝑑 is calculated by Eq. (5) [7], where 𝜎𝑝ℎ represents the phase change stress 

causing rotational motion in the SMA which can be thought of as a relaxation of stress in the bending region. Parameter 

𝐴𝑐 is the cross-sectional area, and 𝑡𝑆𝑀𝐴 is SMA thickness.  

 

𝜏𝑏𝑒𝑛𝑑 = 𝜎𝑝ℎ ∙ 𝐴𝑐 ∙ 𝑡𝑆𝑀𝐴            (5) 

Fig. 4   Mechanical Bending Stress per Martensite Fraction 
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The stiffness constant is defined by Eq. (6) [7], 

 

𝐾 =  
𝐸∙𝐽

𝐴𝑐∙𝑡𝑆𝑀𝐴
2                (6) 

 

Thus, the rotational kinematic equation of motion is complete in Eq. (7).  

 

𝐼𝑡𝑜𝑡 ∙ �̈� +
𝐸∙𝐽

𝐴𝑐∙𝑡𝑆𝑀𝐴
2 ∙ 𝜃 =  𝜎𝑝ℎ ∙ 𝐴𝑐 ∙ 𝑡𝑆𝑀𝐴

2            (7) 

 

The rotational torque is zero below the austenite start temperature, non-zero during phase transformation, and zero 

again after actuation. Regardless of the locking pins present on the hinge mechanism, the relaxation stress induced by 

phase transformation must follow the same zero→non-zero→zero trend until it reaches a maximum deployment angle 

trained into the SMA. Whether that stress should be positive or negative when provided to Eq. (7) is dependent upon 

which rotational direction in the kinematic model is defined as positive. While the thermal, pseudoelastic, and 

mechanical bending stress terms themselves do not follow this zero→non-zero→zero trend during phase 

transformation, the derivatives of pseudoelastic and mechanical bending stress do. If the temporal derivative of those 

terms are multiplied by the numerical timestep in the transient model, the units become realigned to Pa, and it is 

possible that they represent the torque-inducing, phase change relaxation stress in the RHS of Eq. (7). Three possible 

calculations for 𝜎𝑝ℎ are provided in Eqs. (8-10), representing phase change-induced relaxation stress due solely to the 

change in pseudoelastic stress, solely to the change mechanical bending stress, and a combination of the two sources. 

 

𝜎𝑝ℎ =
𝑑𝜎𝑝

𝑑𝑡
∙ ∆𝑡                         (8) 

 

𝜎𝑝ℎ =
𝑑𝜎𝑀

𝑑𝑡
∙ ∆𝑡                          (9) 

 

𝜎𝑝ℎ = (
𝑑𝜎𝑀

𝑑𝑡
) ∙ ∆𝑡 +  (

𝑑𝜎𝑝

𝑑𝑡
) ∙ ∆𝑡           (10) 

 

The pseudoelastic stress term is calculated using the residual stress multiplied by the martensite fraction per Eq. (2), 

but it should not be taken to represent total residual strain. Pseudoelastic stress decreasing to zero does not signify 

total residual strain will equal zero in the austenite phase, only that residual strain is a function of SMA grain structure. 

A maximum residual strain value first reported by Liang [22] and continued by Brinson [5] and Zhou [21] is 6.7%. 

When that residual strain is multiplied by the assumed elastic modulus of martensite, two material properties that will 

differ for each batch of trained SMA plates and should be measured in a tensile testing apparatus, the result is 1,876 

MPa. Pseudoelastic strain relief occurs everywhere in a fully detwinned martensite plate, including the bending region. 

The maximum mechanical bending stress value is 1,671 MPa per Fig. 4 and occurs only at the bending region. Because 

pseudoelastic stress is linearly proportional to martensite fraction and rotation angle is assumed to be linearly 

proportional to rotation angle, defining 𝜎𝑝ℎ as Eq. (10) instead of Eq. (8) or Eq. (9) would effectively double the torque 

applied to the rotational equation of motion. There is no way to tell which equation is correct without comparing the 

new predictive model against empirical data, which is exactly what the author’s research organization plans to do. It 

is also possible that a 180° bend results in strains over the maximum recovery strain of 8-10%, which would result in 

plastic deformation preventing full deployment.  

VI. Finite Difference Heat Transfer Methodology 

 A quasi-3D thermal model was created in MATLAB to predict the transient temperature distribution of the SMA, 

PH, Kevlar, and Kapton system with changing material phase per timestep in response to a constant heat flux input. 

The Gauss-Seidel finite-difference model accounts for conduction, convection, and radiation effects when present and 

can be varied to predict operation in both space and controlled laboratory environments. The physical and MATLAB 

models are shown in Fig. 5; the top section rotates whereas the bottom section is mounted to the CubeSat. 
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Fig. 5   Physical SMA System and MATLAB Model Geometry 

 

 Gauss-Seidel methodologies discretize a two-dimensional area into elements called nodes, and, if radiation is 

present, a non-linear equation must be derived for each nodal geometry condition. Node condition equations are 

derived from the First Law of Thermodynamics and vary by material property, incoming and outgoing heat terms, and 

thickness, which is what makes the model quasi-3D. Thermal conductivity and specific heat are considered anisotropic 

with variations occurring due to property phase-dependence; radiative emissivity is a function of outer surface material 

but is constant for a given material. Convective heat transfer in a lab environment was modeled using the formulation 

by Awbi [23], and incident radiation from the walls and lights in a lab environment were modeled with the method 

outlined by Omori et al. [24]. The surrounding temperature of space was taken to be 2.7 K representing the Cosmic 

Microwave Background. Space conditions do not assume incident solar radiation as a cold environment represents the 

worst-case scenario. The six mechanical attachments organized by three top and three bottom rivets represent 

conductive, Dirichlet boundary conditions; the square cross-sectional area equals that of the circular selected rivets. 

Constant temperature boundary conditions are set to -50°C for the top three and 0°C for the bottom three. The constant 

heat flux Neumann boundary condition from the Minco polyimide thermofoil PH is equal to the voltage supplied to 

the PH 𝑉𝑃𝐻  multiplied by the current supplied to the PH 𝐼𝑃𝐻  and a power conversion efficiency 𝜑𝑃𝐻, which was 

measured to be near unity, divided by the area of the PH 𝐴𝑃𝐻. The PH heat flux calculation may be found in Eq. (11).  

 

𝑄𝑃𝐻
" =

𝑉𝑃𝐻∙𝐼𝑃𝐻∙𝜑𝑃𝐻

𝐴𝑃𝐻
=

(16 𝑉)∙(0.31 𝐴)∙(1)

(0.0508 𝑚∙0.0254 𝑚)
= ~3,844 

𝑊

𝑚2        (11) 

 

 Kevlar through holes and nodes outside the geometry are given a constant, unchanging temperature so that the 

model does not require special considerations for parsing those values in subroutines, but there is no heat transfer from 

nodes assumed to have no material present. The solution process for deriving the geometric condition equations begins 

with an energy balance. The example node represents an internal node on the upper, rotating section of the plate with 

SMA, Kapton, and Kevlar, and PH materials included, and heat transfer is modeled by Fig. 6.  
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Fig. 6   Internal Node, Includes Material from Patch Heater, Kevlar, Kapton, and SMA 

 

The generalized conservation of energy equation is defined without generation.  

 

𝛴�̇�𝑖𝑛 − 𝛴�̇�𝑜𝑢𝑡 =
𝑑𝐸𝑠𝑦𝑠

𝑑𝑡
            (12) 

 

Heat inputs are from nodal conduction, the constant heat flux boundary condition from the PH, and radiation when 

present. Heat outputs are from convection when present and radiation.  

 

[𝑄𝑐𝑜𝑛𝑑,𝑁𝑜𝑟𝑡ℎ + 𝑄𝑐𝑜𝑛𝑑,𝑆𝑜𝑢𝑡ℎ + 𝑄𝑐𝑜𝑛𝑑,𝐸𝑎𝑠𝑡 + 𝑄𝑐𝑜𝑛𝑑,𝑊𝑒𝑠𝑡 + (𝑄𝑟𝑎𝑑
′′ + 𝑄𝑃𝐻

′′ ) ∙ 𝐴]
𝑖𝑛

 

−(𝑄𝑐𝑜𝑛𝑣 + 𝑄𝑟𝑎𝑑)𝑜𝑢𝑡 = 𝑄𝑇𝑟𝑎𝑛𝑠𝑖𝑒𝑛𝑡   (13) 

 

Areas are divided into 𝛥𝑋 , 𝛥𝑌 , and 𝛥𝑍 components representing discretized distances between nodes. Conduction 

terms are replaced with Fourier’s law of conduction. PH and incident radiation flux are left as generalized flux terms. 

Convection is removed for the sake of space environment modeling. The bottom section of the SMA is attached to the 

CubeSat and therefore only radiates from the underside. The top section is exposed on both the upper and under sides 

of the hinge and therefore radiates from both sides. Effectively, this represents a simple combination of top and bottom 

side emissivities when assuming the system is isothermal per nodal area. The combined thermal capacitance of 

Kapton, Kevlar, SMA, and the PH is found by a weighted average by material thickness, but the SMA specific heat 

includes the latent heat of phase transformation 𝐿𝑝𝑐 multiplied by the change of phase per change in temperature 
∂ξ

∂T
. 

This term zero until phase change begins, non-zero during actuation, and zero upon phase transition completion. This 

term is what causes a plateau in the SMA temperature over time as the SMA changes phase.  

 

(𝑘𝑁 ∙ 𝛥𝑋 ∙ 𝛥𝑍 ∙
𝑇𝑁−𝑇𝑝,𝑖

𝛥𝑌
+ 𝑘𝑆 ∙ 𝛥𝑋 ∙ 𝛥𝑍 ∙

𝑇𝑆−𝑇𝑝,𝑖

𝛥𝑌
+ 𝑘𝐸 ∙ 𝛥𝑌 ∙ 𝛥𝑍 ∙

𝑇𝐸−𝑇𝑝,𝑖

𝛥𝑋
 + 𝑘𝑊 ∙ 𝛥𝑌 ∙ 𝛥𝑍 ∙

𝑇𝑊−𝑇𝑝,𝑖

𝛥𝑋
)       

+(𝑄𝑟𝑎𝑑
′′ + 𝑄𝑃𝐻

′′ ) ∙ 𝛥𝑋 ∙ 𝛥𝑌 − (𝜖𝑡𝑜𝑝 + 𝜖𝑏𝑜𝑡𝑡𝑜𝑚) ∙ 𝜎 ∙ 𝛥𝑋 ∙ 𝛥𝑌 ∙ (𝑇𝑝,𝑖
4 − 𝑇𝑠𝑢𝑟𝑟

4 ) 

= [
𝜌𝑃𝐻∙𝑐𝑃𝐻∙𝑡𝑃𝐻

𝛥𝑍
+

𝜌𝐾∙𝑐𝐾∙𝑡𝐾

𝛥𝑍
+

𝜌𝐾𝑒𝑣𝑙𝑎𝑟∙𝑐𝐾𝑒𝑣𝑙𝑎𝑟∙2∙𝑡𝐾𝑒𝑣𝑙𝑎𝑟

𝛥𝑍
+ 𝜌𝑆𝑀𝐴 ∙

𝑡𝑆𝑀𝐴

∆𝑍
∙ (𝑐𝑆𝑀𝐴 − 𝐿𝑝𝑐 ∙

∂ξ

∂T
)] ∙ 𝛥𝑋 ∙ 𝛥𝑌 ∙ 𝛥𝑍 ∙

(𝑇𝑝,𝑖−𝑇𝑝,𝑖−1)

𝛥𝑡
 (14)

  

Equation (14) is divided by volume as Δ𝑋 ∙Δ𝑌 ∙ΔZ to yield Eq. (15).  

 

𝑘𝑁 ∙
𝑇𝑁−𝑇𝑝,𝑖

(𝛥𝑌)2 + 𝑘𝑆 ∙
𝑇𝑆−𝑇𝑝,𝑖

(𝛥𝑌)2 + 𝑘𝐸 ∙
𝑇𝐸−𝑇𝑝,𝑖

(𝛥𝑋)2 + 𝑘𝑊 ∙
𝑇𝑊−𝑇𝑝,𝑖

(𝛥𝑋)2 +
𝑄𝑟𝑎𝑑

′′ +𝑄𝑃𝐻
′′

𝛥𝑍
−

(𝜖𝑡𝑜𝑝+𝜖𝑏𝑜𝑡𝑡𝑜𝑚)∙𝜎∙(𝑇𝑝,𝑖
4 −𝑇𝑠𝑢𝑟𝑟

4 ) 

𝛥𝑍
  

= [
𝜌𝑃𝐻∙𝑐𝑃𝐻∙𝑡𝑃𝐻

𝛥𝑍
+

𝜌𝐾∙𝑐𝐾∙𝑡𝐾

𝛥𝑍
+

𝜌𝐾𝑒𝑣𝑙𝑎𝑟∙𝑐𝐾𝑒𝑣𝑙𝑎𝑟∙2∙𝑡𝐾𝑒𝑣𝑙𝑎𝑟

𝛥𝑍
+ 𝜌𝑆𝑀𝐴 ∙

𝑡𝑆𝑀𝐴

∆𝑍
∙ (𝑐𝑆𝑀𝐴 − 𝐿𝑝𝑐 ∙

∂ξ

∂T
)] ∙

(𝑇𝑝,𝑖−𝑇𝑝,𝑖−1)

𝛥𝑡
   (15) 
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𝑇𝑝,𝑖  terms are isolated on the RHS and like terms are combined on the LHS to produce Eq. (16). 

 

𝑘𝑁∙𝑇𝑁+𝑘𝑆∙𝑇𝑆

(𝛥𝑌)2 +
𝑘𝐸∙𝑇𝐸+𝑘𝑊∙𝑇𝑊

(𝛥𝑋)2 +
𝑄𝑟𝑎𝑑

′′ +𝑄𝑃𝐻
′′ −(𝜖𝑡𝑜𝑝+𝜖𝑏𝑜𝑡𝑡𝑜𝑚)∙𝜎∙(𝑇𝑝,𝑖

4 −𝑇𝑠𝑢𝑟𝑟
4 )

𝛥𝑍
+

[
𝜌𝑃𝐻∙𝑐𝑃𝐻∙𝑡𝑃𝐻

𝛥𝑍
+

𝜌𝐾∙𝑐𝐾∙𝑡𝐾
𝛥𝑍

+
𝜌𝐾𝑒𝑣𝑙𝑎𝑟∙𝑐𝐾𝑒𝑣𝑙𝑎𝑟∙2𝑡𝐾𝑒𝑣𝑙𝑎𝑟

𝛥𝑍
+𝜌𝑆𝑀𝐴∙

𝑡𝑆𝑀𝐴
∆𝑍

∙(𝑐𝑆𝑀𝐴−𝐿𝑝𝑐∙
∂ξ

∂T
)]∙𝑇𝑝,𝑖−1

𝛥𝑡
     

= 𝑇𝑝,𝑖 ∙ {
[
𝜌𝑃𝐻∙𝑐𝑃𝐻∙𝑡𝑃𝐻

𝛥𝑍
+

𝜌𝐾∙𝑐𝐾∙𝑡𝐾
𝛥𝑍

+
𝜌𝐾𝑒𝑣𝑙𝑎𝑟∙𝑐𝐾𝑒𝑣𝑙𝑎𝑟∙2∙𝑡𝐾𝑒𝑣𝑙𝑎𝑟

𝛥𝑍
+𝜌𝑆𝑀𝐴∙

𝑡𝑆𝑀𝐴
∆𝑍

∙(𝑐𝑆𝑀𝐴−𝐿𝑝𝑐∙
∂ξ

∂T
)]

𝛥𝑡
+

𝑘𝑁+𝑘𝑆

[𝛥𝑌]2 +
𝑘𝐸+𝑘𝑊

[𝛥𝑋]2 }   (16) 

 

Dividing by the coefficient of 𝑇𝑝,𝑖 yields Eq. (17), the final equation for this nodal condition. Numerators may be 

combined in the two terms with common denominators but are separated for readability. 

 

𝑇𝑝, 𝑖 =

𝑘𝑁∙𝑇𝑁+𝑘𝑆∙𝑇𝑆
(𝛥𝑌)2 +

𝑘𝐸∙𝑇𝐸+𝑘𝑊∙𝑇𝑊
(𝛥𝑋)2 +

𝑄𝑟𝑎𝑑
′′ +𝑄𝑃𝐻

′′ −(𝜖𝑡𝑜𝑝+𝜖𝑏𝑜𝑡𝑡𝑜𝑚)∙𝜎∙(𝑇𝑝,𝑖
4 −𝑇𝑠𝑢𝑟𝑟

4 )

𝛥𝑍
  

{
[
𝜌𝑃𝐻∙𝑐𝑃𝐻∙𝑡𝑃𝐻

𝛥𝑍 +
𝜌𝐾∙𝑐𝐾∙𝑡𝐾

𝛥𝑍 +
𝜌𝐾𝑒𝑣𝑙𝑎𝑟∙𝑐𝐾𝑒𝑣𝑙𝑎𝑟∙2∙𝑡𝐾𝑒𝑣𝑙𝑎𝑟

𝛥𝑍 +𝜌𝑆𝑀𝐴∙
𝑡𝑆𝑀𝐴

∆𝑍 ∙(𝑐𝑆𝑀𝐴−𝐿𝑝𝑐∙
∂ξ
∂T

)]

𝛥𝑡
+

𝑘𝑁+𝑘𝑆
[𝛥𝑌]2 +

𝑘𝐸+𝑘𝑊
[𝛥𝑋]2 }

+

                                     

[
𝜌𝑃𝐻∙𝑐𝑃𝐻∙𝑡𝑃𝐻

𝛥𝑍 +
𝜌𝐾∙𝑐𝐾∙𝑡𝐾

𝛥𝑍 +
𝜌𝐾𝑒𝑣𝑙𝑎𝑟∙𝑐𝐾𝑒𝑣𝑙𝑎𝑟∙2∙𝑡𝐾𝑒𝑣𝑙𝑎𝑟

𝛥𝑍 +𝜌𝑆𝑀𝐴∙
𝑡𝑆𝑀𝐴

∆𝑍 ∙(𝑐𝑆𝑀𝐴−𝐿𝑝𝑐∙
∂ξ
∂T

)]∙𝑇𝑝,𝑖−1

𝛥𝑡

{
[
𝜌𝑃𝐻∙𝑐𝑃𝐻∙𝑡𝑃𝐻

𝛥𝑍 +
𝜌𝐾∙𝑐𝐾∙𝑡𝐾

𝛥𝑍 +
𝜌𝐾𝑒𝑣𝑙𝑎𝑟∙𝑐𝐾𝑒𝑣𝑙𝑎𝑟∙2∙𝑡𝐾𝑒𝑣𝑙𝑎𝑟

𝛥𝑍 +𝜌𝑆𝑀𝐴∙
𝑡𝑆𝑀𝐴

∆𝑍 ∙(𝑐𝑆𝑀𝐴−𝐿𝑝𝑐∙
∂ξ
∂T

)]

𝛥𝑡
+

𝑘𝑁+𝑘𝑆
[𝛥𝑌]2 +

𝑘𝐸+𝑘𝑊
[𝛥𝑋]2 }

          (17) 

 

 The inherent non-linearity of radiation heat transfer equations requires iterative procedures, and models that 

include phase-dependent material properties that will change per timestep may experience convergence stability 

problems. Successive under relaxation is recommended; convergence was achieved quickly with a relaxation factor 

of 0.8. With thermal, pseudoelastic, and bending stress neglected, the transient temperature distribution and 

corresponding martensite fraction distribution results are provided in Fig. 7 and Fig. 8, respectively. Stresses are 

neglected in this example due to their effect on phase transformation as discussed in [21]. White lines represent 

isotherms, and black lines denote the PH location and the bending region. Steady state was reached in ~445 seconds.  

 

 

Fig. 7   SMA Transient Temperature Distribution 
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Fig. 8   SMA Transient Martensite Fraction Distribution 

VII. System Model Output Considerations 

The problems with the kinematic output and the reasons why current model output is not presented stem from the 

transition initiation criteria in the latest Zhou model [21]. Consider Eqs. (18-23), where 𝜉𝑠 is the detwinned martensite 

fraction, 𝜉𝑠0 is the initial detwinned martensite fraction, 𝐶𝐴 is the nitinol’s stress response to a change in temperature 

which is the same for both austenite and martensite, 𝐴𝑠, 𝐴𝑝, and 𝐴𝑓 represent the austenite start, peak, and finish 

transition temperatures, respectively, and 𝜎𝑠
𝐴, 𝜎𝑝

𝐴, and 𝜎𝑓
𝐴 are defined as the austenitic start, peak, and finish stresses, 

respectively. Both austenite and martensite transition temperatures are visible on Fig. 2. Eqs. (18-23) characterize the 

transition from detwinned martensite to austenite and come directly from [21] for a 1-D system. 

 

𝜎𝑠
𝐴 = (𝑇 − 𝐴𝑠) ∙ 𝐶𝐴              (18) 

 

𝜎𝑝
𝐴 = (𝑇 − 𝐴𝑝) ∙ 𝐶𝐴              (19) 

 

𝜎𝑓
𝐴 = (𝑇 − 𝐴𝑓) ∙ 𝐶𝐴              (20) 

 

𝑠𝑎1 =
𝜋

2∙(𝜎𝑝
𝐴−𝜎𝑠

𝐴)
               (21) 

 

𝑠𝑎2 =
𝜋

2∙(𝜎𝑓
𝐴−𝜎𝑝

𝐴)
               (22) 

 

𝜉𝑠 =
       𝜉𝑠0 ∙ {

𝑠𝑎2

𝑠𝑎1+𝑠𝑎2
∙ cos[𝑠𝑎1 ∙ (𝑡𝑜𝑡 − 𝜎𝑠

𝐴)] +
𝑠𝑎1

𝑠𝑎1+𝑠𝑎2
} 𝑖𝑓𝑓 𝜎𝑝

𝐴 ≤ 𝑡𝑜𝑡 ≤ 𝜎𝑠
𝐴 

   𝜉𝑠0 ∙ {−
𝑠𝑎1

𝑠𝑎1+𝑠𝑎2
∙ sin[𝑠𝑎2 ∙ (𝑡𝑜𝑡 − 𝜎𝑝

𝐴)] +
𝑠𝑎1

𝑠𝑎1+𝑠𝑎2
}  𝑖𝑓𝑓 𝜎𝑓

𝐴 ≤ 𝑡𝑜𝑡 ≤ 𝜎𝑝
𝐴

      (23) 

 

Several assumptions have been made for the bending hinge actuator which cause the application of Eqs. (18-23) to 

be potentially insufficient. This framework was built on a long series of publications which compared predictive model 

data to tensile testing data, meaning the stress term was primarily due to tensile strain and pseudoelastic strain; thermal 

strain is not included in every model due to its relatively low contribution to overall stress. The framework applied to 

bending stress must replace tensile stress with bending stress and calculate a 1-D stress term for use in Eq. (23). The 

framework does function for 3-D stresses, but bending stresses at a flat plate bend line for SMA are more poorly 

characterized for 3-D than 1-D. The model assumes all bending occurs at a single node, which is unrealistic because 
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the bending length is close to 10 mm whereas the Gauss-Seidel ∆𝑌 is 0.64 mm. Zhou’s framework functions 

impeccably with 𝑡𝑜𝑡 equal to zero, but consider pseudoelastic and bending stresses applied to a node.  

The mechanical bending stress assumed at a bending node is determined by Fig. 4, where the maximum stress is 

1,671 MPa. In future work, this stress will be distributed over the bend line, but for now consider this stress at a single 

node. Assume the austenite transition start temperature 𝐴𝑠 equals 45°C, 𝐶𝐴, a material property that can be tested for 

in a tensile testing machine, equals 9.85 MPa/K [21], and per Eq. (23) the actuation will not start until 𝑡𝑜𝑡 ≤ 𝜎𝑠
𝐴. 

Austenite starting stress 𝜎𝑠
𝐴 in this scenario equals 49.25 MPa if the temperature 𝑇 equals 50°C, which is 5°C higher 

than the supposed austenite transition start temperature 𝐴𝑠. According to this framework, the transition would not 

occur until the temperature reaches 214°C, a value that the system is never intended to reach, if the total stress at the 

node were 1,671 MPa. Either 𝐶𝐴 has been vastly underestimated, or 𝐶𝐴 does not translate well to a bending system.  

Consider pseudoelastric strain as well. A widely reported maximum residual strain, the parameter by which 

pseudoelastic strain is calculated, is 6.7% [22] and the low bound can be considered 0.5% [19]. If the low bound strain 

of 0.005 is multiplied with the martensitic elastic modulus, the value is 140 MPa, which translates to the system 

undergoing phase change at 59.21°C instead of 𝐴𝑠. If the maximum residual strain value occurs, the pseudoelastic 

stress is 1,876 MPa, which translates to a phase change initiating at 235°C. 

The conclusion is that it does not matter if only pseudoelastic stress, only mechanical bending stress, or both stresses 

are considered for total stress in Eq. (23), the actuation will not initiate until unreasonably high temperatures are met. 

It is the authors’ opinion that 𝐶𝐴 has been drastically underestimated, and tensile testing of the optimized system will 

confirm or deny the suspicion. 𝐶𝐴 is also dependent on nickel content, and while [22] reports a 𝐶𝐴 of 21.4 MPa/K 

instead of 9.85 MPa/K neither [21] nor [22] report a nickel content. When optimization and tensile testing are 

completed, geometric and material-specific properties can be applied to the predictive model, and optimizable 

kinematic outputs such as rise time vs. PH heat flux can be reported. Bending stresses will be distributed across the 

entire bend length using a more application-specific tool than SolidWorks FEA.  

VIII. Future Work: Optimization and Comparison to Empirical Data 

Optimization derives ideal solution sets from all possible solutions to a problem by characterizing input parameters 

and desired outcomes for a system. Both the geometry and actuation of the SMA hinge can be optimized, and 

methodologies for SMA optimization exist in literature [7,25,26]. Optimization will be performed on the bending 

SMA actuator geometry before the Q1 2021 process of comparing experimental data to predictive model output. The 

system currently does not include any PID tuning of the PH output wattage, which will likely be necessary for 

optimized actuation. Methodologies of interest for geometric optimization include Pareto Multi-Objective 

optimization and the Level Set Method. Eventual solution sets may contain geometries that are not physically 

realizable, which is expected and may require parsing. Optimization inputs and desired outputs are provided in Table 

4.  

Table 4   Optimization Inputs and Design Objective Outputs 

Input Maximized Design Objectives Minimized Design Objectives 

Geometry of the SMA 

Constraint on range of motion 

Transient Power Input into PH 

Rotational Moment of Inertia 

Actuation Rise Time 

SMA Mass 

SMA Volume 

 

 A preliminary test stand mimicking Fig. 1 was built for data collection assessment of the SMA upon optimization. 

The apparatus facilitates deployment functionality including PH power supply, geometrically accurate mounting, a 

variable mass moment of inertia rotational component, and a Hold and Release Mechanism (HRM). Data collection 

includes SMA bend line temperature and rotational position. Thermocouple data is obtained via a CDAQ terminal 

into a LabView Virtual Instrument (VI), and rotational position is obtained via video observation of a set of QR codes 

translated into rotational position in MATLAB Visual Toolbox. The LabView block diagram and VI are shown in 

Fig. 9, and an image from the above-apparatus camera with simulated deployment is provided in Fig. 10. 
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Fig. 9   LabView Thermocouple Block Diagram and VI 

 

Fig. 10   Camera QR Code View for Transient Rotational Position Verification 

 

Output of the predictive model includes angular position and velocity, and measurements from the testing 

apparatus will be recorded and compared against predictive model results. Temperatures are recorded at four locations 

using four T-type thermocouples. Ten temperature measurements are taken at each location every second. A sample 

output of combined temperature from a single thermocouple and angular position data acquisition from simulated 

rotation is shown in Fig. 11. Realistically, rotation is not expected to occur until the austenite start temperature is 

reached.  
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Fig. 11   Sample Angular Position and Temperature of Testing Apparatus  

Optimizable parameters such as rise time can be determined from transient angular position data post-processing. 

SMA phase transformation temperatures can be determined from DSC testing after the tensile testing procedure, but 

the effect of mechanical bending stress on the actuation criteria in the predictive model is an active area of 

investigation. 

IX. Conclusion 

A nitinol SMA bending flat plate actuator was characterized using a combined thermomechanical, constitutive, and 

kinematic system model. It was determined that the phase change of the SMA from detwinned martensite to austenite 

at the bend location could be modeled by a Gauss-Seidel discretized framework if neither pseudoelastic nor bending 

stress were considered, an unrealistic scenario. Literature defining both pseudoelastic stress in SMAs and wide-angle 

bending stress for flat plates requires further characterization for inclusion into this framework, and the phase change 

model which accurately characterizes phase transition without stress may require material properties that are widely 

different from those previously reported. If residual stress in a bent SMA flat plate is measured in a tensile testing 

apparatus to be closer to the low bound of 0.5% than the high bound of 6.7% and the relationship between stress and 

temperature is tested to be much higher for a flat SMA plate than reported in literature for wires or strips, then the 

problems with the unrealistic temperature requirements for modeled actuation are resolved, and the only update to this 

framework required would be to model the mechanical bending stress at each Gauss-Siedel node as a distributed 

bending stress based on radius of curvature instead of all stress being present at one location. System optimization for 

minimized power input or actuator rise time will likely necessitate the inclusion of a PID controller for the patch 

heater.  
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